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Abstract

Detailed consideration is given to the modes and frequencies of a free rectangular Kirchoff plate
subjected to in-plane stresses generated by prescribed non-uniform surface temperature distributions which
are doubly symmetrical about the plate central axes. Physical understanding is sought of phenomena
observed by previous investigators. Stress distributions corresponding to three different temperature
distributions have first been studied and incorporated in a Rayleigh Ritz analysis to find natural frequencies
and modes. All frequencies change as the temperature changes, some much more than others. All eventually
vanish, one after the other, as the temperature reaches certain critical positive and negative values at which
the plate goes into statically unstable buckling modes. Whether the frequencies rise or fall with rising
temperature at the plate centre depends on the relative magnitudes of pairs of positive and negative critical
temperatures. The modes of buckling at each pair of critical temperatures may differ greatly from one
another and also from the vibration modes at zero temperature. The relationship between the square of the
frequency and the temperature is then no longer approximately linear, although it is exactly so for certain
simple in-plane stress distributions. Conditions have nevertheless been identified under which it is a very
good approximation to the actual frequencies of the heated plate over wide temperature ranges.
r 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The natural frequencies of beams and plates, both flexural and torsional, have long been known
to vary with the axial load or in-plane stress which is acting [1]. Overall compressive loads or
stresses reduce the frequencies while tensile loads or stresses increase them. If the boundary
conditions of the plate or beam are such that its critical buckling modes are the same as the
natural modes of vibration, the natural frequency on;0 at zero load and its value on;P under
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compressive load P are related by the simple linear law o2
n;P ¼ o2

n;0ð1 � P=Pcrit;nÞ [1,2]. Pcrit;n is the
nth critical buckling load of the structure at which the buckling mode is the same as the nth
natural mode of vibration. As the compressive load approaches the lowest critical buckling load,
the fundamental natural frequency approaches zero.

If the axial loads are caused by restraints to thermal expansion, they are proportional to the
temperature T which causes this expansion. Under the same assumptions as above, the simple
linear law then becomes o2

n;0 ¼ o2
n;Pð1 � T=Tcrit;nÞ: Tcrit;n is now the nth critical buckling

temperature which causes buckling in the same nth mode. The equation is still true if the load or
temperature become negative. The force on the structure is now tensile and the frequency
continues to rise as it increases.

Real structures under quite simple static loads have some members under compression and
some under tension. The natural frequencies of simple beams and redundant frameworks in this
condition have been considered by the author [3]. A free redundant framework with no external
loads acting has loads in its members when their individual thermal strains are unequal. A flat
uniform plate has non-uniform thermal in-plane strains when its surface temperature is non-
uniform thereby causing compressive in-plane stresses in some parts of the plate and tensile
stresses elsewhere. It will buckle at certain negative and positive critical temperatures whether or
not any external loads are acting. The natural frequencies change with changing temperature so
the question is ‘‘In which direction? Up or down, and why? Why does the simple linear law break
down, and to what extent?’’. This paper seeks to answer these questions for a flat rectangular
plate, free on all four sides and under three simple non-uniform surface temperature distributions.

Many papers have been published on the effects of different in-plane stress systems on plate
flexural vibrations. In his classic monograph Leissa [4] identified 24 such papers before 1969.
Subsequently (with Simons [5]), he studied their influence on cantilever plate vibration when the
stresses derive from uniform in-plane inertia loads generated by a uniform in-plane acceleration of
the plate. A simple Airy stress-function problem had first to be solved to relate the stresses to the
applied acceleration, and these stresses were then incorporated into the total potential energy
function for the vibrating plate. A Rayleigh–Ritz analysis was then used to find the flexural
frequencies, the transverse plate deflection being represented approximately by a product series of
appropriate beam-function modes, i.e., the vibration eigenfunctions of uniform beams with
boundary conditions corresponding to those of the plate. This has been the approach in much of
the subsequent work in the same subject area. Unsurprisingly, Leissa and Simons found that the
fundamental frequency of the plate dropped when the inertia forces compressed the plate but
increased when the forces stretched the plate. Sufficient compression reduced the frequency to
zero.

Dickinson [6] studied plates with pre-assigned uniform or uniformly varying in-plane stresses
and therefore did not have a stress function problem to solve. Otherwise he used the same energy
approach as Leissa. Simply supported, fully clamped and cantilevered plates were considered. The
linear law was clearly shown to be inapplicable when a uniform shear stress acts on the plate. This
is to be expected, as positive and negative shear stresses on a rectangular plate must both have the
same effect on a natural frequency. The gradient of o2

P versus shear stress at zero shear stress must
therefore be zero, not the non-zero constant of the linear law. Moreover, the plate can buckle and
lead to a zero natural frequency at a pair of equal and opposite critical shear stress values.
Between these, o2

P must vary in a ‘somewhat’ parabolic form, not linearly.
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The same argument applies to a direct stress distribution which varies linearly across the plate
through zero along a symmetry axis but which remains the same along the plate. (This would be
generated by a constant applied in-plane bending moment.) Using a finite element method, Mei
and Yang [7] studied the effect of this stress system on the vibration of a simply supported plate
and demonstrated the inapplicability of the linear law to this stress condition, although it is valid
for a uniform compressive stress.

Commenting on Ref. [7] Dawe [8] pointed out that while the linear law might sometimes appear
to hold at low stress levels, it can mislead at higher values. He also showed how the vibration
modes (as well as the frequencies) of a clamped plate can vary with increasing uniform
compressive stress level.

Plates which are completely free along all four edges were considered by Porter Goff [9]
and Kaldas and Dickinson [10,11] all of whom considered a single rectangular plate with a
weld line along its centre. Kaldas and Dickinson also considered plates with edge welds formed
by a line of weld material deposited along the edges. In all of these cases, the welding process
left residual in-plane tensile stresses in the plate, near to and in the direction of the weld-line.
Residual compressive stresses existed outside that region together with an associated system of
shear stresses all over the plate. The free plates were therefore subjected simultaneously
to a symmetrical self-equilibriating system of compressive and tensile stress and an
antisymmetrical system of shear stress. Natural frequencies computed for the different but
specific plates with their own specific stress fields were compared with experimentally measured
values. Some of these were higher, but most were lower than those of the corresponding
unstressed plate. No explanations were advanced and the effect of increasing or decreasing the
stress level was not studied. Comparison with a linear law could not be made nor was it necessary
for the purposes of their studies. Centrally welded plates of two different aspect ratios were also
considered in Refs. [10,11].

Apart from Refs. [9–11], the only paper considering the free–free plate is the significant work of
Bailey [12]. He considered a family of eight uniform square plates with different boundary
conditions. One plate was free along all of its boundaries. Six plates were exposed experimentally
to non-uniform temperature distributions, and two (including the free–free plate) to a theoretical
‘cubic-constant’ distribution (i.e., Tðx; yÞ ¼ T0jy3j; y is the distance from the plate longitudinal
centreline). Measured and calculated frequencies were found to agree quite well. Reissner’s energy
functional was used to set up the computational programme in two stages: (a) to find the internal
in-plane stresses from the stress function corresponding to the particular temperature distribution
and (b) to find the frequencies of the plate when subjected to these stresses. The stress function
and plate transverse deflection were represented by different double series of products of
appropriate beam-function modes.

Calculation and experiment alike showed some of the modal frequencies to increase while
others decreased. The simple linear law appeared to work for some modes but certainly not for
others. No explanations were sought and the temperature range considered was not extensive. The
free–free plate under the cubic-constant temperature distribution was only allowed a positive
increase in temperature such that the plate was always hotter along two opposite edges than at its
centre. The reverse situation (hotter at the centre than at the edges) was not considered. The
temperature range did not therefore encompass the lowest positive and lowest negative critical
temperatures which identify the boundaries of the range for static plate stability.
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Free–free plate boundary conditions are, of course, the most impractical and unusable of all the
possible boundary conditions, except for vibration demonstrations to students! Serious
researchers nevertheless have long been fascinated by them—especially square ones with their
penchant for degenerate modes! (see Refs. [13–15] and the work of many others listed by Leissa
[4]). In the present context of self-equilibriating thermal stresses, one might question why such
stress systems change the frequencies of a free–free plate at all. As the plate deflects in a given
mode, the internal compressive stresses do positive internal work and the tensile stresses do
negative work. If the compressive and tensile stresses are self-equilibriating, why do these work
increments not cancel out and leave the total potential energy unchanged? And why do some
frequencies go up and some go down with change of temperature? This current study addresses
these questions.

It will be shown that the dynamic behaviour of the plate in the narrow temperature range of
static plate stability can be better understood by studying a much wider range which extends to
the higher critical buckling temperatures. It will also be shown that understanding the actual
thermal stress distribution leads to an understanding of its effect on plate modes and frequencies.
It is also helpful to study rectangular plates with aspect ratios other than that of Bailey’s square
plate which has some unique features.

The theoretical and computational methods employed in this paper are not new. Basically it is
that of Simons and Leissa [5] and Bailey [12] in which the solution of a thermal stress-function
problem precedes a Rayleigh–Ritz vibration analysis. The same approach had been used long
before in solving thermal buckling problems (see Ref. [16]), and this was followed initially in the
work of the current paper.

2. The thermal stresses

2.1. The stress equations

Consider the flat, uniform and rectangular plate of Fig. 1 with the length, breadth and thickness
of a; b and h; respectively. It is subjected to the temperature distribution Tðx; yÞ which is constant
through the plate thickness but varies over the plate surface. Provided no thermal transverse

Fig. 1. The flat rectangular plate; dimensions and co-ordinate system.
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buckling occurs, the resulting in-plane direct and shear stresses constitute a generalized plane
stress system governed by the Airy stress function f [16]. The stresses are then found from

sx ¼
@2f
@y2

; ð1aÞ

sy ¼
@2f
@x2

; ð1bÞ

sxy ¼ �
@2f
@x@y

; ð1cÞ

where f is the solution of the bi-harmonic equation

r4f ¼ �Ear2Tðx; yÞ; ð2Þ

r2 is the Laplace operator ð@2=@x2 þ @2=@y2Þ; r4 is the bi-harmonic operator ð@2=@x2 þ @2=@y2Þ2;
E is Young’s modulus of the plate material and a is its coefficient of linear expansion.
f must be found such that the boundary conditions of stress and displacement at the edges of

the plate are satisfied. This paper will be concerned only with a plate which is stress-free on all
edges so there are no edge-displacement restrictions. Hence, according to Eqs. (1a)–(1c) f must
satisfy

@2f
@y2

¼ 0 at x ¼ 7a=2; ð3aÞ

@2f
@x2

¼ 0 at y ¼ 7b=2; ð3bÞ

@2f
@x@y

¼ 0 at x ¼ 7a=2; y ¼ 7b=2: ð3cÞ

This thermal stress problem was solved long ago by Przemieniecki [17] (and later by Bassily and
Dickinson [18]) for a particular parabolic temperature distribution by representing f in the
generalized and truncated Fourier double-series form

fðx; yÞ ¼
XM
m¼1

XN

n¼1

AmnfmðxÞgnðyÞ: ð4Þ

For the functions fmðxÞ; gnðyÞ they took the characteristic ortho-normal beam functions of the free
vibration modes of a uniform clamped–clamped beam. By virtue of these functions each product
term within series (4) satisfies the three stress boundary conditions of Eqs. (3a)–(3c) for the free–
free plate, so the whole stress function expressed in this form satisfies all the stress boundary
conditions for the plate.

The Amn’s of Eq. (4) are found from a set of ðN � MÞ linear equations established by
minimizing the total plate energy as a function of f: Alternatively, they may be derived (following
Przemieniecki) by substituting Eq. (4) into Eq. (2), multiplying both sides of the equation in turn
by gmðxÞhnðyÞ ðm ¼ 1–M; n ¼ 1–N) and then by integrating the whole product over the surface of
the plate. The two methods gives the same result.

D.J. Mead / Journal of Sound and Vibration 260 (2003) 141–165 145



The number of integrals which actually have to be evaluated for the left-hand side of the
equations for the Amn’s is greatly reduced by virtue of the orthogonal properties of the beam
functions. For the right-hand side, Tðx; yÞ should be expressed in the form T0tðx; yÞ; T0 being the
reference temperature at a point on the plate where Tðx; yÞ has unit value.

With M modes used for the stress function in the x direction and N in the y direction, the total
number of product modes and Amn’s is ðN � MÞ and the Amn’s are found from the linear equations

½C
fAmng ¼ �EaT0fRHSg: ð5Þ

Expressions for the general element of the square matrix ½C
 (with ðN � MÞ2 elements) and the
column matrix fRHSg (with ðN � MÞ elements) are given in Appendix A. In terms of the Amn’s
and the gðxÞ; hðyÞ functions, the stresses are now found from

sxðx; yÞ ¼
XM

m¼1

XN

n¼1

AmnfmðxÞg00nðyÞ; ð6aÞ

syðx; yÞ ¼
XM

m¼1

XN

n¼1

Amnf 00
mðxÞgnðyÞ; ð6bÞ

txyðx; yÞ ¼ �
XM

m¼1

XN

n¼1

Amnf 0
mðxÞg

0
nðyÞ; ð6cÞ

in which 0 and 00 represent, respectively, the first and second derivatives of the functions with
respect to their own independent variables.

2.2. Computed thermal stresses

Calculations have been performed for a plate of aspect ratio a=b ¼ 2:0; free on all four edges
and subjected in turn to the following different symmetrical temperature distributions:

(1) A one-dimensional parabolic distribution with the temperature varying parabolically across
the width of the plate, i.e., Tðx; ZÞ ¼ T04ðZ� Z2Þ; this has its maximum of T0 along the plate
centreline, Z ¼ 1=2:

(2) A two-dimensional parabolic distribution with the temperature varying parabolically over
both width and length of the plate, i.e., Tðx; ZÞ ¼ T04ðZ� Z2Þ4ðx� x2Þ; this has its maximum
of T0 at the plate centre.

(3) A uniform temperature T0 over the central rectangular portion of the plate enclosed by
1
4
oxo3

4
; 1
4
oZo3

4
; elsewhere the temperature is zero.

The double symmetry of each of these distributions means that the modes used in the stress
function products need only be the symmetric (odd-numbered) beam functions. Accordingly, the
six beam functions (m ¼ 1; 3, 5, 7, 9, 11) were used for f in the (long) x direction, and four (n ¼ 1;
3, 5, 7) were used in the (short) Z direction. Twenty-four different product modes were therefore
used.

Fig. 2 shows the variation over the plate surface of the computed non-dimensional direct and
shear stresses sx=EaT0; sy=EaT0; txy=EaT0 generated by temperature distribution (1). The central
region of the plate is compressed in both x and y directions (sx and sy are both negative) whilst
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parallel to and near the plate edges the direct stresses are tensile (positive). Normal to each edge
the direct stresses are necessarily zero. The direct stress distributions are both doubly symmetric
about the two plate centrelines whereas the shear stress is doubly antisymmetric. The general
forms and magnitudes of all these stresses are closely similar to those found for the same
temperature distribution by some of the earliest workers [17,19]. With the poor calculating
facilities of those days, they had to use far fewer product modes so the current work must be more
accurate.

Figs. 3(a)–(f) compare the direct stresses along the plate centrelines generated by the
three different temperature distributions. Distributions (1) and (2) create very similar
stress patterns, distribution (2) generating marginally higher compression near the plate
centre. At first sight, this might seem to be surprising as distribution (1) has a higher
average temperature over the whole plate. However, the right side of Eq. (2) shows that the
property of the temperature distribution which governs the magnitude of the stress function is
not its average value but its second derivatives in both x and y directions. Both distributions
have the same second derivatives in the y direction but the x-wise second derivative for
distribution (1) is zero whereas it is non-zero for distribution (2). This leads to the increased direct
stresses for (2).

The increased compressive stress sx along the centreline near the plate centre (cf., Figs. 3(c) and
(a)) is necessarily accompanied by the increased tensile stress sx at the plate edges (cf., locations 0
and 1 in Figs. 3(b) and (d)).

The stress distribution generated by temperature distribution (3) is significantly different from
that of (1) or (2), and the magnitudes are substantially larger, albeit over small regions. Again, this

Fig. 2. The variation over the plate surface of the computed ND stresses for the two-dimensional parabolic

temperature distribution. Plate aspect ratio ¼ 2: (a) sx; (b) sy and (c) txy:
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is due to the differences in the second derivatives of the temperature distributions. For
distribution (3) these derivatives are zero over the whole plate except along the lines of
temperature discontinuity along which they can be said to be infinite over an infinitesimal
distance.1 Significantly, the stress peaks and troughs and the very rapid stress changes seen in
Figs. 3(e) and (f) occur in regions close to the temperature discontinuities.

The average x-wise direct stress over the heated region is significantly greater for distribution
(3) than for (1) and (2). Calculations have also been performed for other uniform distributions
over both larger and smaller regions than that of (3). They show that the average central stress
level is highest (and little different from that of (3)) when the heated region extends from about
xE0:3a to 0:7a; yE0:3b to 0:7b: Over a larger region it drops and when the whole plate is
uniformly heated, the thermal stress is necessarily zero. Over a smaller region it increases and
locally approaches infinity as the region diminishes to zero. It will be seen later that these are

Fig. 3. Variation of the direct stresses along and across the plate centrelines, as generated by the three different

temperature distributions. Plate aspect ratio ¼ 2: (a) and (b) distribution (1); (c) and (d) distribution (2); (e) and (f)

distribution (3). —————, sx; – - – - - – -, sy:

1 In spite of this, the terms in the right-hand elements of Eq. (5) which involve these derivatives can easily be

integrated exactly by parts.
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crucially important features which govern the critical buckling temperatures of the plate and its
frequency–temperature relationships.

Now the method of analysis leading to Eq. (5) effectively represents the second derivative
of each temperature distribution by the truncated generalized Fourier series of beam
functions. Discontinuous distributions such as (3) are usually poorly represented by such series.
The inverse transform of the series can be integrated twice to yield a ‘‘reconstructed’’ temperature
distribution to which the computed stresses of Figs. 3(e) and (f) correspond exactly, so they
only correspond approximately to the true step-function. Fig. 4 shows two such reconstructions,
one from the series with the six symmetrical terms which was actually used and the other
from a series of 14 symmetrical terms. The reconstructed distribution (a) is more realistic
physically than the ‘‘ideal’’ double step function of distribution (3). Its maximum second
derivatives close to the steps are finite, thus generating smaller stresses than would the infinite
second derivatives of the ideal step function. A similar reconstruction of the temperature
distribution for the parabolic distribution shows that the reconstructed distribution from the six-
term series lies within 0.1% of the correct parabolic distribution over the central (and most
important) 90% of the span.

3. The flexural modes, frequencies and critical temperatures of a flat free–free plate with in-plane

thermal stresses

3.1. Derivation of the equations

The plate now deforms with the transverse displacement wðx; y; tÞ: The modes and frequencies
of free vibration can be found by a conventional minimized energy analysis based on expressions
for the potential and kinetic energies of the plate. The potential energy derives from the strain
energy of flexure ðUflexÞ and work done by the internal stresses as the plate effectively shortens

Fig. 4. Reconstructed temperature distributions from the truncated series representing the step-function distribution

(3): (a) from the six-term series, (b) from a 14 term series and (c) the step function itself.
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ðUsÞ: The expressions for these are well known (e.g., see Ref. [20]):

Uflex ¼
D

2

Z Z
@2w

@x2
þ

@2w

@y2

� �2

�2ð1 � nÞ
@2w

@x2

@2w

@y2
�

@2w

@x@y

� �2
" #( )

dx dy; ð7Þ

Us ¼
h

2

Z Z
sx

@w

@x

	 
2

þ2sxy

@w

@x

@w

@y

	 

þ sy

@w

@y

	 
2
& ’

dx dy; ð8Þ

in which D ¼ Eh3=12ð1 � n2Þ is the plate flexural rigidity and the double integrals are evaluated
over the whole plate surface.

With the density of the plate material denoted by r; the kinetic energy function is given by

T ¼
rh

2

Z Z
@w

@t

	 
2

dx dy: ð9Þ

wðx; yÞ is to be expressed in the double series form

wðx; yÞ ¼
XJ

j¼1

XK

k¼1

WjkðtÞfjðxÞckðyÞ: ð10Þ

Following Lemke [21], Warburton [22,23] and authors already cited [5,6,12], we shall use the
beam functions for a free–free beam fjðxÞ; ckðyÞ together with rigid-body translational and
rotational modes. Although the second and third derivatives of these modes vanish at x ¼ 0; a and
y ¼ 0; b the product modes in Eq. (10) do not each satisfy the natural boundary conditions at the
free edges of the plate. This, of course, is not a necessary requirement in an energy analysis but the
modes do usefully satisfy the conditions for zero total transverse and angular momentum of the
free–free plate.

A conventional Rayleigh–Ritz or Lagrange equation method leads to the linear matrix
equation for the frequency O and the generalized co-ordinates Wj;k in the form

½ %Kel � TND %Kth � O2 %M
fWjkg ¼ 0; ð11Þ

in which %Kel ; %Kth and %M are square non-dimensional matrices of order ðJ � KÞ; ðJ � KÞ: %Kel is a
non-dimensional elastic stiffness matrix derived from Uflex: %Kth is a non-dimensional thermal
stiffness matrix derived from Us: %M is the non-dimensional mass matrix and, by virtue of the
orthogonal properties of the f’s and c’s, is diagonal. TND and O are the non-dimensional
temperature and frequency, respectively. Appendix B defines and derives these terms and
matrices.

The solution of Eq. (11) for the natural frequencies O is a standard eigenvalue problem, given
the ND temperature TND: Alternatively, for a given value of O it can be solved as an eigenvalue
problem for TND: When O is set to zero, the corresponding values of TND are the (eigenvalue)
critical buckling temperatures which create conditions of neutral static stability of the plate.
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4. Computed frequencies, modes and critical temperatures

Natural frequencies, modes and critical temperatures have been calculated for a free–free
plate of aspect ratio AR ¼ 2 and the Poisson ratio n ¼ 0:3; free along all four edges and
subjected in turn to the three distributions already described. Limited calculations have also been
performed for a plate of aspect ratio AR ¼ 1; the Poisson ratio n ¼ 0:3 and with stress distribution
(1).

The plate deflections were described by the first six symmetric and/or antisymmetric beam
functions in each plate direction, together with the appropriate rigid body modes, i.e., ð6 þ 1Þ2 ¼
49 different independent product modes were used and 49 eigenvalues were found at a time. The
symmetric or antisymmetric modes in the x direction were paired, in turn, with symmetric or
antisymmetric modes in the y direction. It can easily be proved [24] that the vibration modes of an
unheated plate with general boundary conditions (i.e., with no in-plane stresses) become coupled
when a general non-uniform in-plane stress system exists. For this reason, the modes change
with changing temperature. However, when the stress distributions are doubly symmetric (as in
this paper) they cannot cause coupling between the doubly symmetric modes and the doubly
antisymmetric mode. Modes which can be coupled are those which have the same ‘‘order of
symmetry’’, i.e., they are both symmetric (or antisymmetric) in one direction, and are both
symmetric (or antisymmetric) in the other direction. This condition for no coupling justifies
the reduction of the order of the problem in our case to 7 � 7 ¼ 49: Otherwise 15 modes would
have to be used in each plate direction at a time, leading to an eigenvalue problem of order
15 � 15 ¼ 225:

4.1. The buckling temperatures

Table 1 shows some computed critical temperatures for the plate with AR ¼ 2 and subjected to
the three temperature distributions in turn. That the magnitudes of the positive values are all
greater than their negative counterparts is simply explained. Positive temperatures cause the
central region of the plate to be compressed and the edges of the plate to be stretched. At a
positive critical temperature the central region of the plate buckles, while the surrounding
stretched edges exert a stabilizing influence all around it. Negative critical temperatures compress
the edges of the plate and stretch the central region so the edge regions buckle, while the central
stretched region provides the stabilizing influence. The plate edges are unconstrained so the
compressed edge regions are effectively less constrained by plate tension than is the central region

Table 1

Some ND critical temperatures which produce plate buckling

Temperature distribution ND critical temperature, TND

number

1 �351.59 �152.92 230.46 557.51

2 �347.4 �141.99 209.25 550.32

3 �319.45 �104.92 139.05 413.69

Free–free plate of aspect ratio AR ¼ 2

D.J. Mead / Journal of Sound and Vibration 260 (2003) 141–165 151



when that is compressed. The negative buckling temperatures are therefore lower in absolute
value than their positive counterparts.

The critical temperatures corresponding to distributions (1) and (2) are similar in magnitude,
those of distribution (2) being slightly less than those of (1). This is due simply to the stress levels
of (2) for a given temperature being slighter greater than those of (1) as already observed. The
critical temperatures corresponding to distribution (3) are smaller than those of (1) and (2)
because (as already seen) the stress levels over the central region for a given temperature are
greater than those of distributions (1) and (2).

As the uniformly heated region of the plate extends over much more than the central half, the
thermal stresses drop and a higher temperature is required to cause buckling. If it extends over a
very small central region, the domain in which the stresses are very large is too small for the
stresses to have much effect on the low order buckling modes. A higher temperature is required
again to cause buckling. Hence, in both of these extreme cases the critical temperatures approach
infinity.

Table 2 shows how the computed critical temperatures for distribution (2) converge as the
number of modes used in the calculation is increased from two elastic modes þ one rigid-body
mode in each plate direction (32 modes in all) to six elastic modes þ one rigid-body mode (72

modes in all). For the six sets shown, the 49-mode results have evidently converged satisfactorily.
It is pertinent to consider the actual temperatures required to cause buckling in a plate of given

material and size, rather than the non-dimensional (ND) values. Consider an aluminium plate 1 m
long, 0:5 m wide, 1 mm thick, with Young’s modulus E ¼ 70 G N=m2 and linear expansion
coefficient a ¼ 2:3 � 10�5: The lowest ND positive critical temperature for distribution (2) is
209.25, which corresponds in this case to an actual temperature of only 1:671C (from Eq. (B.10)).
The maximum x-wise compressive stress generated by this occurs at the plate centre and is
0:38ET0a ¼ 1:019 N=mm2 (see Fig. 3(c) for the 0.38 factor).

At first sight this appears to be very low but one can show at least that it is of the right order of
magnitude by comparing it with the buckling stress of a uniformly compressed plate of an
equivalent size. An ‘‘equivalent size’’ cannot be precisely defined but the following process can be
followed which makes use of Fig. 5. This shows surface and contour plots of the transverse modal
deflection of the buckled plate at TND ¼ 209:25: Within the contour wðx; yÞ ¼ 0 the mode is
nearly sinusoidal with half-wavelengths in both x and y directions of approximately 0:55a: Let

Table 2

Convergence of the ND critical temperatures with increasing number of mode combinations used in computation;

temperature distribution 2

Number of modes ND critical temperatures

used

9 (2) �1089.5 �359.13 �143.56 210.45 601 45 7246.9

16 (3) �656.73 �349.58 �142.73 209.85 551.64 1303.8

25 (4) �637.04 �348.39 �142.37 209.53 550.99 1097.9

36 (5) �634.86 �347.83 �142.14 209.36 550.53 1092.1

49 (6) �634.3 �347.4 �141.99 209.26 550.32 1091.5

The bracketted number is the number of beam functions used to describe the transverse displacement in either direction.
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these half-wavelengths be the length and breadth, ae and be; of the ‘‘equivalent’’ simply supported
rectangular plate. Under uniform compression in both directions its x-wise buckling stress is given
by sx ¼ ðp2D=ða2b2hÞÞða3 þ b2=Þ3=ðb2 þ ðsy=sxÞa2Þ (see Ref. [20]). In the present case syE0:2sx at
the centre of the plate (see Figs. 3(c) and (d)). With ae ¼ be ¼ 0:55 the x-wise buckling stress is
found to be 0:70 N=mm2 which is well within an order of magnitude of the value of 1:019 N=mm2

already quoted for the actual thermally stressed plate. Closer agreement would not be expected
with such a crude equivalent model.

4.2. Natural frequencies and modes

ND frequencies O have been found in the standard way as the eigenvalue solutions of Eq. (11)
(see also Eq. (B.9) of Appendix B). To check the correctness of the computed mass and elastic
stiffness matrices, frequencies were first found for a square plate ðAR ¼ 1:0Þ with the Poisson ratio
n ¼ 0:3 and with no thermal stresses ðTND ¼ 0Þ: The two lowest ND values so found are compared
in Table 3 with values obtained in previous work, the close agreement confirming the correctness

Fig. 5. Surface and contour plots of the transverse mode of plate buckling at TND ¼ 209:25; temperature distribution

(2). Plate aspect ratio ¼ 2:
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of the matrices of the present work. The mode numbering in the table excludes modes 1–3 which
are rigid-body zero-frequency modes. Modes 4 and 5 are doubly symmetric, mode 6 is doubly
antisymmetric (a torsional mode) and mode 7 is symmetric in one direction and antisymmetric in
the other.

Figs. 6(a)–(c) show the variation with ND temperature of the frequencies of the doubly
symmetric modes of the free–free plate of aspect ratio AR ¼ 2; subjected in turn to the three
different temperature distributions. Each figure shows that a progressive rise or fall of the
temperature eventually causes the frequency of first one mode and then the next to drop to zero at

Fig. 6. The variation with temperature TND of the ND frequency O of the plate of Fig. 3. Plate aspect ratio ¼ 2; the

Poisson ratio ¼ 0:3: (a) temperature distribution (1), (b) distribution (2), and (c) distribution (3).

Table 3

ND natural frequencies of a square free–free plate as computed by various authors

Mode no. Leissa [25] Iguchi [26] Bardell [27] Present work

4 13.489 13.473 13.468 13.475

5 19.789 19.596 19.596 19.671

6 24.432 24.27 24.27 24.337

7 35.024 34.801 34.801 34.897

The Poisson ratio n ¼ 0:3:
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the critical buckling temperatures of the plate. It is recognized that the only temperature range of
practical significance is on either side of TND ¼ 0 between the pair of nearest buckling
temperatures. Outside this range, the plate is statically unstable and even before these limits are
reached large static plate deflections will occur if it is not initially perfectly flat. In turn, these
deflections modify the stress distributions and complicate the whole analysis. The analysis
presented in this paper, of course, is entirely linear and assumes perfect initial flatness of the plate.

Fig. 6 shows that a small increase of temperature from TND ¼ 0 increases the frequencies of
some modes (albeit slightly) but decreases the frequencies of others. The same phenomenon was
observed by Bailey [12] in his plate studies and by Mead [3] in his study of thermally strained beam
and frame systems. This asymmetry of the frequency versus temperature curves about TND ¼ 0 is
due entirely to the differences in the magnitudes of the positive and negative critical temperatures,
this difference being due in turn to the different modes of thermal buckling at those temperatures.
However, even at low levels of non-uniform temperature, the internal thermal stresses change the
effective flexural stiffness of different parts of the plate and this, of course, must influence the
natural frequencies. Compressive thermal stress in the central region of the plate effectively
reduces the local flexural stiffness while the simultaneous tensile stress in the edge regions
effectively increases the local flexural stiffness. Large enough compressive stresses lead to buckling
of the central region and the vanishing of a frequency.

Evidence of these effects on the local flexural stiffness can be seen in Fig. 7 which shows the first
two normalized doubly symmetric modes of the plate with AR ¼ 2 under temperature distribution

Fig. 7. Modes of vibration corresponding to the frequencies of Fig. 6(b) at three different temperatures. Plate aspect

ratio, AR ¼ 2:0; the Poisson ratio, n ¼ 0:3:
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(2) at the ND temperatures of TND ¼ �140; 0;þ200: Detailed examination shows the central
regions of the plate to have higher relative curvatures and deflections when the central stress is
compressive ðTND ¼ 200Þ than when it is tensile ðTND ¼ �140Þ simply because the local flexural
stiffness is reduced by compression. The edge regions of the plate have higher curvatures and
deflections when the edge stress is compressive ðTND ¼ �140Þ than when it is tensile. The changes
in the modal curvatures of the fundamental modes are not very pronounced but are quite
dramatic for the second and higher modes. Fig. 7 also shows the very significant mode change as
the temperature changes. This violates the basic assumption underlying the linear law relating O2

and TND so the linear law cannot be applicable in this case.
The frequencies of modes which have antisymmetric deflections in one or both directions are

shown in Fig. 8 for the plate with AR ¼ 2 and temperature distribution (1). Fig. 8(a) relates to the
doubly antisymmetric modes, Fig. 8(b) to the y-wise antisymmetric and x-wise symmetric modes
and Fig. 8(c) to the x-wise antisymmetric and y-wise symmetric modes. Over the indicated
temperature range, modes which have y-wise antisymmetric deflections (Figs. 8(a) and (c)) have
no positive critical temperatures in the indicated range and the frequencies continue to rise with
increasing TND: However, further calculations show that positive critical temperatures exist at
much higher values, e.g., TND ¼ 2244 for the lowest curve of Fig. 8(a) and TND ¼ 2090 for the
lowest curve of Fig. 8(c). These critical temperatures, of course, take the plate far outside its
statically stable state and are therefore only of academic interest. Their existence, however,
contributes to an understanding of the nature of the curves in the realistic TND region of the
curves, as will be seen later.

Fig. 8. Comparison of frequencies of doubly symmetric modes with modes having antisymmetric deflections. AR ¼ 2;
n ¼ 0:3; temperature distribution (1): (a) doubly antisymmetric modes, (b) y-wise antisymmetric with x-wise symmetric

modes, and (c) x-wise antisymmetric with y-wise symmetric modes.
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When the modes are x-wise antisymmetric and y-wise symmetric (Fig. 8(b)) the curves behave
in a similar way to those for doubly symmetric modes (Figs. 6(a)–(c)) over the indicated TND

range. The distinguishing feature, however, is the apparent crossing of the curves for modes 3 and
4 at a temperature within the statically stable temperature range of the plate. Detailed numerical
examination shows that the curves do not actually cross but approach one another to within
DO=O ¼ 1:2% and then veer away. The mode corresponding to one curve changes dramatically as
the curve approaches the other, the modes eventually interchanging their forms. Fig. 9 shows the
modes corresponding to the third and fourth curves of Fig. 8(c) at the almost equi-spaced TND

values of �120; þ41; þ200: The modes are numbered 4 and 5 in Fig. 9 as mode 1 is the zero-
frequency rigid-body rotational mode.

4.3. The limited validity of the linear relationship between O2 and TND

As stated in the Introduction, the relationship between o2 (or O2) and the temperature is linear
provided the natural modes of vibration in the absence of in-plane stress are exactly the same as
the buckling modes of the plate under the applied in-plane stress system. Fig. 7 has shown
conclusively that this is not so for a free–free plate under the temperature distribution (2).
(TND ¼ �140 and 200 in Fig. 7 are very close to the buckling temperatures, so the corresponding
fundamental modes are almost the same as the buckling modes.)

Figs. 10(a) and (b) show O2 versus TND for the three lowest order doubly symmetric modes and
the three lowest order doubly antisymmetric modes of the plate of aspect ratio 2.0 under

Fig. 9. Modal interchange illustrated by the modes for the second and third curves of Fig. 6(b) at three different ND

temperatures.
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temperature distribution (1). The ordinates of the lower curves on each figure have been
multiplied by appropriate factors (as indicated on the figure captions) to present them all clearly
on the same vertical scale. The inclined straight lines on these figures represent the simple linear O2

versus TND relationship and are multiplied by the same factors. These lines join each O2 at
TND ¼ 0 with O2 ¼ 0 at the appropriate critical temperatures.

The linear relationship is clearly inapplicable for the doubly symmetric modes for the reason
already stated. It does, however, appear to be a good approximation for the doubly antisymmetric
modes over the negative temperature range (when the edges of the plate are in compression) and
also well into the positive temperature range. At much higher positive ND temperatures, the
frequencies of these antisymmetric modes drop in the same way as those of the doubly symmetric
modes. They eventually vanish at the critical temperatures TND ¼ 2244; 2877, 3824 for the three
curves shown and this leads to the eventual breakdown of the linear O2 versus TND relationship.

Detailed examination of any O2 versus TND curve close to a critical temperature (positive or
negative) shows it to lie very close to and wavering around the line of a linear O2 versus TND

relationship, but this straight line does not in general pass through the correct zero-temperature
frequency. The magnitude of the discrepancy depends entirely on the relative magnitudes of the
positive and negative critical temperatures of the actual curve. If the positive critical temperature,
TNDcrit;þ is an order of magnitude greater than its negative counterpart, TNDcrit;� (i.e.,
TNDcrit;þbjTNDcrit;�jÞ the discrepancy is small over the temperature range Tcrit;�oTNDo0: This
condition is satisfied by the modes and frequencies of Fig. 10(b). It is not satisfied by those of
Figs. 10(a) and 7(b),(c). For all of the modes and frequencies of these figures jTNDcrit;�j is less than
Tcrit;þ but their ratios are not sufficiently great.

The square plate ðAR ¼ 1Þ displays some unique features. Fig. 11 shows O and O2 versus TND

curves for the plate under temperature distribution (1). Figs. 11(a) and (b) cover limited
temperature ranges while Fig. 11(c) covers a much extended (albeit unrealistic) range. The O
versus TND curves are broadly similar to those for the plate with AR ¼ 2 (Fig. 6(a)) except that
the bottom two curves for the square plate actually cross in the temperature range of static
stability. At the crossing point two modes exist with identical frequencies, i.e., classically
degenerate modes. The sixth and seventh curves also cross within the same temperature range.

Fig. 10. O2 versus TND for the plate of aspect ratio AR ¼ 2 with non-uniform temperature distribution (1); comparison

with linear approximations: (a) for doubly symmetric modes and (b) for doubly antisymmetric modes.
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This contrasts with the plate with AR ¼ 2 (Fig. 10) the curves of which only approach one another
and then veer away. It is well known that unstressed square plates can have different modes with
identical frequencies, but not when the associated modes are both doubly symmetric or doubly
antisymmetric.

The curves of O2 for the square plate2 (Fig. 11(b)) are significantly different from those of the
rectangular plate (Fig. 10(a)). Notice that the curve for the lowest order square plate is as straight
(i.e., linear) as the eye can see between the pair of critical temperatures closest to TND ¼ 0: This
appears to violate the criterion stated above that TNDcrit;þ should be much greater than jTNDcrit;�j
for O2 linearity to occur over such a wide range. In fact, this criterion is satisfied in the present
case and is demonstrated by Fig. 11(c). This shows that the positive TNDcrit corresponding to
TNDcrit ¼ �175 (at which the straight inclined line begins) is not the TNDcrit of þ247 in the figure.
TNDcrit ¼ þ225 belongs to the curve which starts at TNDcrit ¼ �529: The curve starting at TNDcrit ¼
�175 crosses this curve, goes on rising, crossing yet another curve which joins TNDcrit ¼ �1000
and þ1230 before dropping to its own positive TNDcrit;þ of þ2362: This critical temperature is very
much greater than its negative counterpart of �175; so together they amply satisfy the high ratio
criterion for a wide range of linear O2: Examination of the vibration modes along the curve from
TND ¼ �175 to þ2362 shows them to remain remarkably constant up to about TND ¼ þ1500:
Thereafter they begin to change and become quite different at TND ¼ þ2362:

Fig. 11. O versus TND and O2 versus TND for the for doubly symmetric modes of the plate with AR ¼ 1 and

non-uniform temperature distribution (1): (a) O versus TND; (b) O versus TND and (c) O versus TND; extended

temperature range. The ordinates of the two lowest curves of (b) have been factored by 10 and those of the third lowest

by 2.5.

2Each curve of Fig. 11b has been multiplied by a different factor in the same way as the curves of Figs. 10(a) and (b).
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Notice also that the O2 curve in Fig. 11(b) joining TNDcrit ¼ �532 and TNDcrit ¼ þ247 is hardly
straight at all over its whole temperature range. Its TNDcrit ratio is only 0.46 so the high ratio
criterion is not satisfied and the linear O2 versus TND: relationship is quite inapplicable.

5. Conclusions

The natural frequencies and flexural modes of a flat unsupported plate can be dramatically
changed by the in-plane stresses induced by non-uniform thermal strains. A Rayleigh–Ritz
method which incorporates the associated in-plane potential energy terms is suitable for finding
the frequencies and modes of such plates.

The different non-uniform surface temperature distributions considered in this paper,
all doubly symmetric with respect to the plate centrelines, cause the frequencies of the
fundamental doubly symmetric and antisymmetric modes initially to rise as the temperature at the
plate centre rises above that of the edges. Thereafter they level off before dropping to zero at a
different positive critical (buckling) temperature for each type of mode. This temperature can be
very high for antisymmetric modes. When the plate centre temperature drops below that of the
edges, the fundamental frequencies drop and eventually vanish at negative critical temperatures
which differ from the positive values. The effect of temperature on higher mode frequencies is
variable, some rising, some falling as the temperature rises from zero. All drop to zero at high
order positive and negative critical temperatures. The magnitudes of the critical temperatures
depend, amongst other factors, on the temperature distribution function, in particular on its
second space derivatives.

For a free plate of aspect ratio 2, the so-called ‘‘linear law’’ for the relationship between the
square of the frequency and the temperature does not apply to its doubly symmetric modes due to
the considerable change in the mode as the temperature changes. Some modes change
dramatically between their critical temperatures, the ratio of which determines the rate of mode
change. For some of the antisymmetric modes this ratio is high and the rate of mode change is low
over a large part of the temperature range over which the actual frequency follows the linear law
quite closely.

The square plate displays unique features. At certain temperatures, degenerate modes with
identical frequencies can exist of the same symmetry class, i.e., both modes can be doubly
symmetric or both can be antisymmetric. Moreover, the frequency of the fundamental doubly
symmetric mode of the square plate can be well approximated by the linear law.

When the plate centre is heated relative to its edges, the central region is compressed and its
modal curvatures and deflections tend to increase. When the plate centre is cooled (edges hotter
than the centre) the edges are compressed and their curvatures and deflections tend to increase.
Understanding such features assists in explaining the different magnitudes of the positive and
negative critical temperatures. Plate edges compressed due to a negative central temperature are
much more susceptible to buckling than the central region of the plate when compressed due to a
positive temperature. The absolute value of the negative critical temperature of a free plate is
therefore smaller than the corresponding positive critical temperature. As a result, the
fundamental frequency initially rises as the temperature rises from zero.
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Appendix A. The matrix equation for the thermal stress function

Introduce the following non-dimensional variables into the bi-harmonic equation for f: x ¼
x=a; Z ¼ y=b; T ¼ T0tðx; ZÞ and AR (the plate aspect ratioÞ ¼ a=b: The equation becomes

1

AR2

@4f

@x4
þ 2

@4f

@x2@Z2
þ AR2 @

4f
@Z4

¼ �EaT0ab
1

AR

@2t

@x2
þ AR

@2t

@Z2

 �
: ðA:1Þ

Solutions for fðx; ZÞ are sought in the double series form:

fðx; ZÞ ¼
XM
m¼1

XN

n¼1

AmnfmðxÞgnðZÞ; ðA:2Þ

where fmðxÞ; gnðZÞ are the beam functions for a vibrating uniform beam clamped at each end and
have the familiar form [28]

fmðxÞ ¼ cosh lmx� cos lmx � smðsinh lmx� sin lmxÞ; ðA:3Þ

where

sm ¼
ðcosh lm � cosh lmÞ
ðsinh lm � sin lmÞ

ðA:4Þ

The function gnðZÞ has precisely the same form as fmðxÞ but with Z ð¼ y=bÞ replacing x: For the
first three functions l1 ¼ 4:7300407449; l2 ¼ 7:88532046241; l3 ¼ 10:995607838: The lm’s for
higher m values are listed in Ref. [28] and in many other standard texts.

Numerical calculations based on this particular form of fmðxÞ can become ill-conditioned at
high values of m when the two hyperbolic terms become extremely large and almost equal. The
problem is circumvented by expressing fmðxÞ in the alternative form

fmðxÞ ¼ expð�lmxÞ � cos lmx� dm sinh lmxþ sm sin lmx; ðA:5Þ

where

dm ¼ 2
expð�2lmÞ þ ½sin lm � cos lm
expð�lmÞ

1 � expð�2lmÞ � 2 expð�lmÞsin lm

� �
: ðA:6Þ

The Amn’s for a given temperature distribution tðx; ZÞ can be found from the set of linear equations
formed by multiplying both sides of Eq. (A.1) by each product frðxÞgsðZÞ in turn (r ¼ 1–M; s ¼
1–N) and then by integrating both sides of the equation over the whole plate surface. In this
process the double (surface) integrals become products of single integrals, many of which vanish
by virtue of the orthogonal property of the f ðxÞ’s and gðZÞ’s. The whole process yields the matrix
equation (see Eq. (5) in the main text)

½C
fAmng ¼ �EaabT0fRHSg; ðA:7Þ

where ½C
 is of order ðM � NÞ; ðM � NÞ: Its general off-diagonal term is

Crs;mn ¼ 2

Z 1

0

frðxÞf 00
mðxÞ dx

Z 1

0

gsðZÞg00nðZÞ dZ:

Since the chosen f and g functions are of identical form, this is the same as
2
R 1

0 frðxÞf 00
mðxÞ dx

R 1

0 fsðxÞf 00
n ðxÞ dx: Moreover, the beam functions of the clamped beam have the
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further property
R 1

0 frðxÞf 00
mðxÞ dx ¼

R 1

0 fmðxÞf 00
r ðxÞ dx ¼ �

R 1

0 f 0
r ðxÞf

0
mðxÞdx so the general off-

diagonal term has the alternative form

Crs;mn ¼ 2

Z 1

0

f 0
r ðxÞf

0
mðxÞ dx

Z 1

0

f 0
s ðxÞf

0
nðxÞ dx ðrsamnÞ: ðA:8Þ

The diagonal elements of the C matrix are identified by r ¼ m; s ¼ n and its elements are found to be

Cmn;mn ¼ 2

Z 1

0

½ f 0
mðxÞ


2 dx
Z 1

0

½ f 0
nðxÞ


2 dxþ
1

AR2
l4

m

Z 1

0

f 2
mðxÞ dx

Z 1

0

g2
nðZÞ dZ

þ AR2l4
n

Z 1

0

f 2
mðxÞ dx

Z 1

0

g2
nðZÞ dZ:

For the particular functions chosen
R 1

0 f 2
mðxÞ dx ¼

R 1

0 g2
nðZÞ dZ ¼ 1 for all values of m and n so the

general diagonal term of C becomes

Cmn;mn ¼ 2

Z 1

0

½ f 0
mðxÞ


2 dx
Z 1

0

½ f 0
nðxÞ


2 dxþ
l4

m

AR2
þ AR2l4

n: ðA:9Þ

The terms of the right side of Eq. (A.7) depend upon the temperature distribution function tðx; ZÞ:
When this has a simple two-dimensional parabolic form with its maximum at the plate centre,
tðx; ZÞ ¼ 16ðx� x2ÞðZ� Z2Þ the whole m; n term on the right side is

EaT0ab
1

AR

Z 1

0

8fmðxÞ dx
Z 1

0

4gnðZÞðZ� Z2Þ dZ


þ AR

Z 1

0

8gnðZÞ dZ
Z 1

0

4fmðxÞðx� x2Þ dx
�
:

Once again, for the special case under consideration we can express this solely in terms of the
f -functions and the x co-ordinate as

EaT0ab
1

AR

Z 1

0

8fmðxÞ dx
Z 1

0

4fnðxÞðx� x2Þ dx


þ AR

Z 1

0

8fnðxÞ dx
Z 1

0

4fmðxÞðx� x2Þ dx
�
: ðA:10Þ

Evaluating the terms of Eq. (A.7) one can solve it for unit value of �EaT0ab: This yields a non-
dimensional stress function fND such that f ¼ �fNDEaT0ab: Putting this into the expressions for
sx;sy; txy and introducing x ¼ x=a; Z ¼ y=b one finds

sx ¼ �EaT0AR
@2fND

@Z2
; ðA:10aÞ

sy ¼ �EaT0
1

AR

@2fND

@x2
; ðA:10bÞ

txy ¼ EaT0
@2fND

@x@Z
ðA:10cÞ
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Appendix B. The stiffness and mass matrices for the thermally stressed vibrating free–free plate

In terms of the non-dimensional co-ordinates ðx; ZÞ the elastic potential energy is

Uflex ¼
D

2 ab

Z 1

0

Z 1

0

1

AR2

@2w

@x2

	 
2

þAR2 @2w

@Z2

	 
2

þ2n
@2w

@x2

@2w

@Z2

(

þ 2ð1 � nÞ
@2w

@x@Z

	 
2
)

dx dy; ðB:1Þ

in which wðx; ZÞ is to be expressed in the form

wðx; ZÞ ¼
XJ

j¼1

XK

k¼1

WjkfjðxÞckðZÞ: ðB:2Þ

The elastic stiffness matrix is set up in the usual way by evaluating @Uflex=@Wrs ðrs ¼ 1 to J � KÞ
which leads to row rs of this matrix:

@Uflex

@Wrs

¼
D

ab

XJ�K

jk¼1

Wjk
1

AR2

Z 1

0

f00
r ðxÞf

00
j ðxÞ dx

Z 1

0

csðZÞckðZÞ dZ
�

þ AR2

Z 1

0

frðxÞfjðxÞ dx
Z 1

0

c00
s ðZÞc

00
kðZÞ dZ

�

þ 2n
Z 1

0

f00
j ðxÞfrðxÞ dx

Z 1

0

ckðZÞc
00
s ðZÞ dZ

�

þ
Z 1

0

fjðxÞf
00
r ðxÞ dx

Z 1

0

c00
kðZÞcsðZÞ dZ

�

þ 4ð1 � nÞ
Z 1

0

f0
jðxÞf

0
rðxÞ dx

Z 1

0

c0
kðZÞc

0
sðZÞ dZÞ dZ

� �
: ðB:3Þ

In the off-diagonal elements of the matrix (i.e., raj; sak) the first two integral products in this
expression vanish completely by virtue of the orthogonality of the beam functions. However,R 1

0 fjðxÞf
00
r ðxÞ dxa

R 1

0 frðxÞf
00
j ðxÞ dxa

R 1

0 f0
rðxÞf

0
jðxÞ dx for the free–free beam functions, unless

one function is symmetric and the other is antisymmetric in which case they are all zero. This
contrasts with the corresponding integrals for the clamped beam functions which do all vanish for
raj; sak:

The thermal stiffness matrix is derived from the expression for the work done by the internal
stresses when the plate deflects by wðx; yÞ (see Eq. (8) in the main text). In terms of non-
dimensional co-ordinates this expression becomes

Us ¼
h

2

Z 1

0

Z 1

0

1

AR
sx

@w

@x

	 
2

þ2sxy
@w

@x
@w

@Z

	 

þ ARsy

@w

@Z

	 
2
& ’

dx dZ: ðB:4Þ

The stresses sx; sxy; sy are given by Eq. (A.10a)–(A.10c) and wðx; yÞ is given again by Eq. (B.2).
Substituting these into Eq. (B.4) and differentiating it with respect to Wrs yields row rs of the
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thermal stiffness matrix:

@Us

@Wrs

¼ �EaT0h
XJ�K

jk¼1

Wjk

XM�N

mn¼1

AmnfI1 � I2 � I3 þ I4g; ðB:5Þ

where

I1 ¼
Z 1

0

fmðxÞf
0
rðxÞf

0
jðxÞ dx

Z 1

0

g00nðZÞcsðZÞckðZÞ dZ; ðB:6aÞ

I2 ¼
Z 1

0

f 0
mðxÞf

0
rðxÞfjðxÞ dx

Z 1

0

g0
nðZÞcsðZÞc

0
kðZÞ dZ; ðB:6bÞ

I3 ¼
Z 1

0

f 00
mðxÞfrðxÞfjðxÞ dx

Z 1

0

gnðZÞc
0
sðZÞc

0
kðZÞ dZ; ðB:6cÞ

I4 ¼
Z 1

0

f 00
mðxÞfrðxÞfjðxÞ dx

Z 1

0

gnðZÞc
0
sðZÞc

0
kðZÞ dZ: ðB:6dÞ

The mass matrix for the vibrating plate is diagonal when the prescribed modes are the products of
the free–free beam functions. Its familiar general term is

Mmn;mn ¼ rabh

Z 1

0

f 2
mðxÞ dx

Z 1

0

g2
nðZÞ dZ; ðB:7Þ

in which each integral has unit value when the ortho-normal beam function modes are used.
The elements of each matrix have thus been expressed as products of a dimensional term (the

same for each element in a given matrix) times linear functions of non-dimensional integrals.
Introducing the non-dimensional matrices %Kel ; %Kth and %M reduces the complete matrix equation
for free harmonic plate motion to

D

ab
%Kel � EaT0h %Kth � o2rabh %M

� �
fWg ¼ 0; ðB:8Þ

which, divided through by D=ab ð¼ Eh3=12ð1 � n2ÞÞ; takes the completely dimensionless form

%Kel � TND %Kth �
O2

AR2
%M

� �
fWg ¼ 0: ðB:9Þ

TND and O are the non-dimensional temperature and frequency, respectively, defined by

TND ¼
aT0ab12ð1 � n2Þ

h2
ðB:10Þ

and

O ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
o2rha4

D

s
: ðB:11Þ
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